ULTRAREGULAR GENERALIZED FUNCTIONS 



KHALED BENMERIEM AND CHIKH BOUZAR 



Abstract. Algebras of ultradifferentiable generalized functions are introduced. 
We give a microlocal analysis within these algebras related to the regularity 
type and the ultradifferentiable property. 



1. Introduction 

The introduction by J. F. Colombeau of the algebra of generahzed functions 
Q (Q) , see |5] , containing the space of distributions as a subspace and having the 
algebra of smooth functions as a subalgebra, has initiated different directions of 
research in the field of differential algebras of generalized functions, see [1], [7], 
[13], [H] and [3]. 

The current research of the regularity problem in algebras of generalized func- 
tions of Colombeau type is based on the Oberguggenberger subalgebra (Q) , 
see |6], [9], [lO] and [12]. This subalgebra plays the same role as C°° (fl) in V (fl) , 
and has indicated the importance of the asymptotic behavior of the representa- 
tive nets of a Colombeau generalized function in studying regularity problems. 
However, the regularity does not exhaust the regularity questions inherent 
to the Colombeau algebra Q (fl) , see [15] . 

The purpose of this work is to introduce and to study new algebras of gener- 
alized functions of Colombeau type, denoted by , measuring regularity 
both by the asymptotic behavior of the nets of smooth functions representing 
a Colombeau generalized function and by their ultradifferentiable smoothness of 
Denjoy-Carleman type M = [Mp)^^^^. Elements of Q^^^'^ are called ultrareg- 
ular generalized functions. 

This paper is the composition of our two papers [1] and [2]. 
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2. Regular generalized functions 

Let n be a non void open subset of M", define X {Q) as the space of elements 
(ue)^ of C°° (i^)'*^'"*^^ such that, for every compact set K C ^l, \/a E Z" , 3m G Z+, 
3C>0,3r7G]0,l],VeG]0,r/], 

sup|9"M, < Ce"'". 

By A/" (fi) we denote the elements (ue)^ G X (fl) such that for every compact set 
K cQ,yae Zl,ym G Z+, 3C > 0, 3r7 G ]0, 1] , Ve G ]0, r]] , 

sup|9"u,(a;)| < Ce"^. 
Definition 1. The Colomheau algebra, denoted by Q (fi), is the quotient algebra 



Q iyi) is a commutative and associative differential algebra containing T>' (fi) 
as a subspace and as a subalgebra. The subalgebra of generalized func- 

tions with compact support, denoted Qc (fi) , is the space of elements f of Q (Q) 
satisfying : there exist a representative (/e)gg]o i] of / and a compact subset K of 
(],V£G]0,l],supp/, c/r. 

One defines the subalgebra of regular elements (Q), introduced by Ober- 
guggenberger in [H], as the quotient algebra 

X°° (n) 



where X°° is the space of elements (ue)^ of such that, for every 

compact K cn,3me Z+,Wa G Z!^, 3C > 0,3ri e ]0, 1] , Ve G ]0, r]] , 



sup Id^Ue (x)| < Ce' 



m 



It is proved in [13] the following fundamental result 

This means that the subalgebra Q°° {Q) plays in Q {Q) the same role as C°° {Q) 
in V {Q) , consequently one can introduce a local analysis by defining the gen- 
eralized singular support of u G ^ {fl) . This was the first notion of regularity in 
Colombeau algebra. 

Recently, different measures of regularity in algebras of generalized functions 
have been proposed, see [6J, [12j and [IB]. For our needs we recall the essential 
definitions and results on 7^- regular generalized functions, see 0. 
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Definition 2. Let (A^m)™ez+ ' i^L)mez+ elements o/M++, we write {N^)^^z+ < 

(^m)mGZ+ ' ^/'^"^ ^ < ^ '^^^ ''^^^'^ Subspace TZ o/ SaZC? TC^'- 

tt/ar, if the following (R1)-(R3) are all satisfied : 

For all {Nm)m^i^ G IZ and {k, k') G Z^, i/iere exists (A^m)^^^^ G 7^ snc/i that 

(Rl) iVm+fc + A;' < iV;; , Vm G Z+. 

For all (A^m)mGZ+ '^'^^ i-^m)mGZ+ ' ^^^rC CXZSfo {N"m)„ieZ+ ^ '^'"^^ ^^^^ 

(R2) max {N^, N'J < N" ^ , e Z+. 

For all (^m)mGZ+ ^'^^ (^m)mgZ+ ' ^^^rC existS {N"rn)m£Z+ ^ '^'"^^ ^^^^ 

(R3) AT,^ < A^"zi+^. , V(/i,/2) G Z^^. 

Define the 7^— regular moderate elements of X (Q) , by 



+ ' 



3C > 0, 377 G ]0, 1] , Ve G ]0, r/] : sup \d'^Ue (x) \ < Ce~^\^\ 



and its ideal 



Af^^Q) = eX{n)\ \/K CC fi,ViV G 7^,Va G Z!^, 



3C > 0, 3r/ G ]0, 1] , Ve G ]0, r/] : sup (x) | < Ce 



N, 



Proposition 1. 1. The space X^ (Q) is a subalgebra of X{Q), stable by differ- 
entiation. 

2. The set Af^ (Q) is an ideal of X^ (Q) . 

Remark 1. From ilRl\) . one can show that N"^ {Vt) = M {Q) . 

Definition 3. The algebra ofTZ-regular generalized functions, denoted by [Vt) , 
is the quotient algebra 

Example 1. The Colombeau algebra Q is obtained when TZ = M_,_+, i.e. 

Example 2. When 

A= |(iVm)^g2^ G 7^ : 3a > 0,36 > 0,Ar„ < am + b,Wm G Z+| , 
we obtain a differential subalgebra denoted by Q-^ {Q). 
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Example 3. When TZ = B the set of all hounded sequences, we obtain the Ober- 
guggenberger subalgebra, i.e. {Vt) = {Q). 

Example 4. If we take TZ = {0}, the condition iRl\) is not hold, however we can 
define 

as the algebra of elements which have all derivatives locally uniformly bounded 
for small e, see [15] . 

We have the following inclusions 

6^° {^) c G"^ {n) c (^]) (iG{^). 

3. Ultradifferentiable functions 

We recall some classical results on ultradifferentiable functions spaces. A se- 
quence of positive numbers (^p)pgz+ ^^^'^ ^'^ satisfy the following conditions: 
{HI) Logarithmic convexity, if 

Ml < Mp_iMp+i, Wp > 1. 

{H2) Stability under ultradifferential operators, if there are constants A > 
and H > such that 

Mp < AHPM^Mp_g,\/p > q. 
{my Non - quasi- analyticity, if 

p=l 

Remark 2. Some results remain valid, see [11], when {H2) is replaced by the 
following weaker condition : 

{H2)' Stability under differential operators, if there are constants A > and 
H > such that 

Mp+i < AHmp^p G Z+. 
The associated function of the sequence (^p)pg2+ function defined by 

— t^ 

M{t) = supln— ,t G M;. 

p -'"p 

Some needed results of the associated function are given in the following propo- 
sitions proved in [TT] . 
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Proposition 2. A positive sequence {Mp)^^^^ satisfies condition [HI) if and and 
only if 

Mp = Mo sup ^ — ^, p = 0, 1, 

*>o exp (M (t) 

Proposition 3. A positive sequence {Mp)^^^^ satisfies condition {H2) if and and 
only if ,3A> 0, 3/7 > 0, Vt > 0, ^ ^ 

(1) 2M{t) <M{Ht) + In (AMo). 

Remark 3. We will always suppose that the sequence (Mp)^^^^ satisfies the con- 
dition (HI) and Mq = 1. 

A differential operator of infinite order P (D) = ^ a^Z^''' is called an ultradif- 

ferential operator of class M = {Mp)^^^_^ , if for every h > there exist a constant 
c> such that W-f e Zl, 

The class of ultradifferentiable functions of class M, denoted by £^'^ [Vt) , is the 
space of all / G {Vt) satisfying for every compact subset K of fi, 3c > 0, Va G 

I/' 



(3) sup < cl"l+iM|„|. 

x&K 

This space is also called the space of Denjoy-Carleman. 



Example 5. // (Mp)^^^^ = {p^-'^)p^i^ ,a > 1, we obtain {Q) the Gevrey space 
of order a , and A (Q) := (Q) is the space of real analytic functions defined on 
the open set Q. 

The basic properties of the space S'^^ {Q) are summarized in the following 
proposition, for the proof see pT] . 



Proposition 4. The space £ (fi) is an algebra. Moreover, if (Mp)^^^^ sat- 
isfies {H2)' , then {VL) is stable by any differential operator of finite order 
with coefficients in and if (Mp)^^^^ satisfies {H2) then any ultradiffer- 

ential operator of class M operates also as a sheaf homomorphism. The space 
P*^ {Q) = {Q) n V [Q) is well defined and is not trivial if and only if the 
sequence (^p)pgz+ satisfies {H3)' . 

Remark 4. The strong dual ofD^^ {Vt), denoted [Vt) , is called the space of 
Roumieu ultraditributions. 
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4. Ultraregular generalized functions 

In the same way as Q'^ (Q) , {Q) forms a sheaf of differential subalgebras of 
Q (fl), consequently one defines the generalized 7^— singular support of m G ^ (fl), 
denoted by singsupp?^ u, as the complement in Q of the largest set fl' such that 
w /n' G {Q') , where u jqi means the restriction of the generalized function u on 
VL' . This new notion of regularity is linked with the asymptotic limited growth 
of generalized functions. Our aim in this section is to introduce a more precise 
notion of regularity within the Colombeau algebra taking into account both the 
asymptotic growth and the smoothness property of generalized functions. We 
introduce general algebras of ultradifferentiable 7^— regular generalized functions 
of class M, where the sequence M = (Mp)^^^^ satisfies the conditions (HI) with 
Mo = 1, {H2) and {H3)' . 

Definition 4. The space of ultraregular moderate elements of class M, denoted 
X^^''^ (n) , IS the space of (/J, G satisfying for every compact K of 

Q, 3N en,3C > 0, 3^0 e ]0, 1] , V« G Zl, We < Eq, 

(4) sup|a"/,(a;)| <CI"I+iMh£-^h. 

x€K 

The space of null elements is defined as J\f^'^'^ := J\f (n) n X'^^'''^ (fi) . 

The main properties of the spaces X^^'^ [Vt) and J\f'^'^''^ (^7) are given in the 
following proposition. 

Proposition 5. 1) The space X^^'^ is a subalgebra of X (Q) stable by action 
of differential operators 

2) The space A^*^'^ (fi) is an ideal of X^^^'^ (fi) . 

Proof. 1) Let {fe)^ , {ge)e ^ X^''''^ {VL) and K a compact subset of fi, then 
3iV G 7^, 3Ci > 0, 3£i G ]0, 1] , such that V/3 G Z'^, Vx G iT, Ve < ei, 

(5) <cfl+'M|^|e-^i''i, 

3Ar' G 7^, 3C2 > 0, 3^2 e ]0, 1] , such that V/3 G Z\,Wx e K,\/e < £2, 

(6) <Cfl+^M|^|e-^'/'i. 

It clear from (lR2]) that (/^ + g^)^ G X"^'^ {Vt) . Let a G then 

{fe9e) {X)\ < (f) \d'^-^fe {x)\ ge {x)\ . 
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From dEH]) 3N" G 7^ such that, V/3 < a, N\a,-^\ + A^,'^, < A^"|„|, and from (HI), 
we have MpMg < Mp^g, then for e < min {^i, £2} and x G -ft', we have 



Ml 



/3=0 



2 



where C = max {C1C2, Ci + C2}, then (/,^,)^ G A"*^'^ (fi). 

Let now a, /3 G Z^, where = 1, then for e < ei and x G -ft', we have 

From dEI]), 3A^' G 7^, such that A^|„|+i < iVj'^,, and from (if2)' , > 0, > 0, 
such that M|a|+i < Ai7l"lM|„|, we have 

< Cl"l+^M|„|£"^i'"i, 

which means G A'*^-'^ (r^) . 

2) The facts that V^-^ (fi) = ^^ (n) n X^^''^ {n) C and A/'(^]) = 

(fi) is an ideal of (Q) give that Af^''^ (O) is an ideal of X^''^ (Q) . □ 

The following definition introduces the algebra of ultraregular generalized func- 
tions. 

Definition 5. The algebra of ultraregular generalized functions of class M = 
(Mp)pgg^ , denoted ^^^'^ , is the quotient algebra 

(7\ rM,n (C)^ ^^^'^ (^) 

(7) G (^) = JfM^y 

The basic properties of are given in the following assertion. 

Proposition 6. Q^^^'^ [Q) is a differential subalgebra of Q {Q) . 

Proof. The algebraic properties hold from proposition [5l □ 

Example 6. // we take the set TZ = B we obtain as a particular case the algebra 
g^'^ (fi) of pL2j denoted there by (fi) . 
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Example 7. If we take {Mp)_^^^ = (p!'^)pg2+ obtain a new subalgebra Q'^'^ [Q) 
of Q (Q) called the algebra of Gevrey regular generalized functions of order a. 

Example 8. // we take both the set TZ = B and (Mp)^^^ = (p!'^)^^^ we obtain 
a new algebra, denoted Q'^'°° [Q) , that we will call the Gevrey- Oberguggenberger 
algebra of order a. 

Remark 5. In [3] is introduced an algebra of generalized Gevrey ultradistributions 
containing the classical Gevrey space {Vt) as a subalgebra and the space of 
Gevrey ultradistributions T>'^cr-i (^) '^■^ subspace. 

It is not evident how to obtain, without more conditions, that X^'^ [Vt) is 
stable by action of ultradifferential operators of class M, however we have the 
following result. 

Proposition 7. Suppose that the regular set TZ satisfies as well the following 
condition : For all {Nk)^^^^^ G TZ , there exist an (iVfc)^^^^ € TZ, and positive 
numbers h > 0, L > 0, Vm G Z+, Ve G ]0, 1] , 



J2 h''e-^''+^ < Le- 



Then the algebra X^'^ (Q) is stable by action of ultradifferential operators of 
class M. 

Proof Let (f,)^ G X^''^ (^]) and P (D) = ^ O/jD^ be an ultradifferential op- 

erator of class M, then for any compact set K of Q, 3 {Nm)^^^ G TZ, 3C > 
0, 3eo G ]0, 1] , such that V« G Z'^, Vx eK,^e <ei. 

For every h > there exists a c > such that V/3 G Z" , 



WibI < C 



Mu 



Let a G Z" , then 



e \X) 
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From {H2) and (/^^ G Af^^'^ {Vt) , then 3C > 0, > 0, > 0, 



Ml 



consequently by condition (|H]), there exist (iV'fc)^^^^ G 7^, /i > 0, L > 0, Ve: G ]0, 1] 



M|,| 



(Pp)/.) (a;)| < Al^lLe 



which shows that (P (P>) J^)^ G A'^^-'^ (Q) . □ 
Example 9. The sets {0} anc? i3 satisfy the condition 

The space S^^ (Q) is embedded into Q'^^''^ [Q) for all TZ by the canonical map 

n ^ [Ue] 

where = u for all £ G ]0, 1] , which is an injective homomorphism of algebras. 
Proposition 8. The following diagram 

is commutative. 

Proof. The embeddings in the diagram are canonical except the embedding V (Q) — )■ 
Q (fl) , which is now well known in framework of Colombeau generalized functions, 
see [7] for details. The commutativity of the diagram is then obtained easily from 
the commutativity of the classical diagram 

\ i 

□ 

A fundamental result of regularity in Q (Q) is the following. 
Theorem 9. We have G^^''^ (^]) n V (^]) = (fi) . 

Proof Let u = d (ue), G ^^^'^ (n) n C~ (Vl) , i.e. (u,)^ G X^^'^ (fi), then we have 
for every compact set K C Q, G Z+, 3c > 0, 3// G ]0, 1] , 

Va G Zl,ye G ]0,r/] : sup |(9°m(x)| < cl°l+^M,^|e-^. 

When choosing e = r], we obtain 

Wa G Zl, sup (x)| < cl°l+^M|„|r/-^ < ci°'+^M|<,|, 
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where Ci depends only on K. Then u is in {Vt). This shows that Q^^^ [Vt) fl 
C°° {VL) C (fi). As the reverse inclusion is obvious, then we have proved 
G^^^ (fi) n {d) = {Vl). Consequently 

= g^''^ (n) n {g^ (n) n v (n)) 

□ 

Proposition 10. The algebra g^^'''^ is a sheaf of subalgebras of g (Q) . 

Proof. The sheaf property of (fi) is obtained in the same way as the sheaf 
properties of g^ (Q) and (Q). □ 

We can now give a new tool of ^^^■■'^-local regularity analysis. 

Definition 6. Define the {M,TZ) -singular support of a generalized function u G 
g {VL) , denoted by singsuppj^^ 7^ {u) , as the complement of the largest open set Q! 
such that u e g^''^ {Q') . 

The basic property of singsuppj^/ 7^ is summarized in the following proposition, 
which is easy to prove by the facts above. 

Proposition 11. Let P{x,D) = aa{,x)D^ be a generalized linear partial 

\a\<m 

differential operator with g'^^<'^ (yt) coefficients, then 

(9) singsuppij^T^ (P (x, D) u) C singsupp^^ 7^ {u) ,\/u e g {Vt) 

We can now introduce a local generalized analysis in the sense of Colombeau 
algebra. Indeed, a generalized linear partial differential operator with g^^^'^ [Vt) 
coefficients P{x,D) is said (M, 7?.)— hypoelliptic in Q, if 

(10) singsupp^^ 7^ (P (x, D) u) = singsuppj^^^^^ (u) ,yu e g (fi) 

Such a problem in this general form is still in the beginning. Of course, a mi- 
crolocalization of the problem (fTOl) will lead to a more precise information about 
solutions of generalized linear partial differential equations. A first attempt is 
done in the following section. 

5. Affine ultraregular generalized functions 

Although we have defined a tool for a local (M, 7^)— analysis in g [Q), it is not 
clear how to microlocalize this concept in general. We can do it in the general 
situation of affine ultraregularity. This is the aim of this section. 
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Definition 7. Define the affine regular sequences 

A = [(N^)^^^^ en:3a>0,3b>0,N,m< am + b,\fm e Z+j . 

A basic (M, ^)— microlocal analysis in Q [fl) can be developed due to tlie fol- 
lowing result. 

Proposition 12. Let f = cl (/e)^ G (^) ? then f is A—ultraregular of class 
M = {Mp)^^^^ if and only if 3a > 0, 36 > 0, 3C > 0,3k > 0, 3eo e ]0, 1] , < ^o, 
such that 

(11) |^(/,) (01 < Ce-'exp {-M{ke^ , G M", 

where T denotes the Fourier transform. 

Proof Suppose that f = d (fe), G Gc {^) H G^'^^ (Q) , then 3K compact of 
n, 3C >0,3N e A, 3ei > 0, Va G Z" , Vx G iT, Ve < Sq, supp/^ C K, such that 



(12) 

so we have, Va G Z", 



irii-^(/e) (01 < 



exp (— ixO d°'fs {x) dx 



then, 3C > 0,Ve < So, 



10'"' l-^(A) (OI<c'"'+'M|„|£- 



Therefore 



|-^(/.)(OI < Cinf^^^^.-^'^ 



< Ce^^inf 



Ml 



hi 



Hence 3^ > 0, 3A; > 0, 

|^(/.)(0I <C5-''exp(-M(fe'^|0)) , 

i.e. we have (fTTl). 
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Suppose now that ffTTl) is valid, then from inequahty ([1]) of the Proposition [3l 

3C, C", C" > 0, 3^0 e ]0, 1] , V£ < £0, 

< Ce-^up|e|l"lexp(^-M(|:e^|e| 
exp('-M('-|e'^|e|')')rfe 



sup 



exp ( -M ( Ae'^ 1^1 



< C"£-'^l"l-^up|r7|l°lexp (-M(|r/|) 



Due to the Proposition [2l then 3C > 0, 3A^ G A, such that 

where C = max (C, i) , and A/'„ = am + 6, then / G ^^^"^ (Jl) . □ 

Corollary 13. Let f = d (fe)^ G Qc (^) ; then f is a Gevrey affine ultraregular 
generalized function of order a, i.e. / G Q'^'^ if and only if 3a > 0, 36 > 
0, 3C > 0, 3A; > 0, 3£:o > 0, Ve < eo, such that 

(13) |^(/,) (01 < Ce-^xp (-te" lep) , G M". 

In particular, f is a Gevrey generalized function of order a, i.e. / G Q^'^ [Vt), if 
and only if 36 > 0, 3C > 0, 3A; > 0, ^Sq > 0, Ve < eo; sfic/i t/iat 

(14) \:FUe) (01 < Ce-^xp {-k 10^) , G M^ 

Using the above results, we can define the concept of wave front of 

u & Q {Vt) and give the basic elements of a (M, ^) —generalized microlocal analysis 
within the Colombeau algebra Q (fi). 

Definition 8. Define the cone (/) C M"\ {0} , / G Qc{^), as the comple- 
ment of the set of points having a conic neighborhood T such that 3a > 0, 36 > 
0, 3C > 0, 3A; > 0, 3eo > 0, Ve < Eq, such that 

(15) |^(/,) (01 < Ce-'exp {-M {ke'^ |0)) G R". 

Proposition 14. For every f & Qc (^) , have 
1. The set YIiA (/) ^ closed subset. 

2- (/) = ^ / e G^''^ m . 

Proof. The proof of 1. is clear from the definition, and 2. holds from Proposition 

m □ 
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Proposition 15. For every f & Qc (^) ? '"^e have 

M M 
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A 



A 



Proof. Let ^ J2a (/)' ^ conic neighborhood of ^o, 3a > 0, 36 > 0, 3ki > 

0, 3ci > 0, 3ei G ]0, 1] , such that G T, < ei, 



(16) 

Let X ^ (^) ) X = 1 oil neighborhood of supp/, then xi' ^ '^^^ (^) > Vz/' G 
£^ (Q), hence, see ^11], 3k2 > 0, 3c2 > 0, G W, 

l-F(xV^) (OI<C2expf-M(A;2 1^1)). 



(17) 

Let A be a conic neighborhood of .^o such that, A C F, then we have, for G A, 

J'ixi^fe) (0 



[ ^(/,)(77)^(x^) {^-V)dv + 

J A 
J B 



where A = {ri]\i - rj\ < 5 (|^| + |?7|)} and B = {rj;\i - rj\ > 5 (|^| + |?7|)}. Take 
5 sufficiently small such that r] G F, ^ < hi < 2 |,^| , V G A, Vr/ G A, then 
3c > 0,Ve < ei, 

^Ue) (r/)^(x^) (^-r/)rfr7 



< c£~^exp -M A;i£ 



X 



X / exp -M(A;2|e-r7|) dr/ 



so 3c > 0, 3fc > 0, 



< ce~^exp (-M(fe"|e|)) . 



^(/,)(r7)^(x^) (e-r7)t^r7 
As f eQc {^) , then 3g G Z+, 3m > 0, 3c> 0, 3^2 > 0, < ^2, 

i-F(/e)(oi<ce-^ier. 

Hence for e < min (ei, £2) , 3c > 0, such that we have 



Ir/Pexp \ -M (^2 - ryDj dr] 
Ir^rexp f-M(fc2<5(|e| + |r7|)))c?r/. 
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We have, from Proposition |3l i.e. inequality (II]), 3H > 0, 3^4 > 0,Vti > 0,Vt2 > 
0, 



(19) 
so 



M{ti+t2) <-M [^] - M {-^] + \nA 



H 



to 



H 



B 



< cAe-^exp ( -M ( 1^1 



X 



\ri\ exp 



H 



M |r/| dr]. 



Hence 3c > 0, 3A; > 0, such that 



(20) 



fe iv) ^ - ^) dr] 



B 



< ce-^exp (-M(fe'^l^l) 



Consequently, ([THD and ([20]) give ^ (V^/) • 

We define J2a (^) ^ generalized function / at a point Xq and the affine wave 
front set of class M in Q (Q) . 

Definition 9. Let f E Q {Vt) and Xq G VL, the cone of affine singular directions 
of class M = (Mp) of f at xq, denoted by J2a x (/)' ^■^ 
(21) 



□ 



1^ ^'^^^ • ^ ^ -^^^ ) = 1 on a neighborhood of Xo\ . 



The following lemma gives the relation between the local and microlocal (M, ^)— analysis 
mg{Q). 



EM 
, if) = xo i singsuppM,^ (/) • 



Lemma 16. Let f i^i), then 

Proof. See the proof of the analogical Lemma in [3]. □ 

Definition 10. A point {xo,^o) ^ WF^ (f) C x M"\ {0} , %f there exist 
(j) G T)'^^ [Vt) , (f) = 1 on a neighborhood of xq, a conic neighborhood T of ^o, 
and numbers a > 0, 6 > 0, A; > 0, c > 0, ^ ]0, 1] , such that We < Eq, G F, 

1^(0/.) (01 < ce-" exp (^-M {ke^ \^\)y 
Remark 6. A point (xo,^o) ^ WF^ (f) C n x R"\ {0} means ^ (/) ■ 



The basic properties of WF^^ are given in the following proposition. 
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Proposition 17. Let f G G (Vl), then 

1) The projection of WF^ (/) on VL is the singsupp^^^^ (/) . 

2) If f e Qc iS^) , then the projection of WF^ (/) on M"\ {0} is Y.a (/) • 

3) WFX (9"/) C WFX {f),Wa G Zl. 

4) WFX (gf) c WFX if) , yg e g'^'^ (n) . 

Proof. 1) and 2) holds from the definition, Proposition and Lemma [T6l 

3) Let (xc^o) ^ WF^^ (/). Then 30 e V^^ , = 1 on fJ, where f/ is a 
neighborhood of xq, there exist a conic neighborhood F of ^o? and 3a > 0, 36 > 

0, 3^2 > 0, 3ci > 0, 3£:o G ]0, 1] , such that eT,We < eq, 

(22) 1^(0/,) (01 < ci£-^exp (^-M{he^ |e|)) . 
We have, for G V^'^ (U) such that (xq) = 1, 

i^(^a/,)(oi = \T{d{4jf,)){o-j'm)fe)m 

< ieii^(v^0/.)(oi + i-^((5V')0/e)(oi- 

As WFX (ipf) C VTFj^ (/) , so ([22]) holds for both (V^0/,) (0| and ((St/;) 0/,) (0| • 
Then 

lell^(^0/.)(OI < c5-''|0exp(-M(A;2e"|e|)) 
< c'e-'-^exp(^-M{kse^\^\)), 

with some c' > 0, fcs > 0, (fcs < ^2), such that 

e'^ lei < c'exp (Mihe'^ \^\) - M {he'' |e|)) 

for e sufficiently small. Hence (122|) holds for | ijpdfe) (Oh which proves (xq, ^0) ^ 
W^Fj^ (9/) . 

4) Let (xcCo) ^ VrFj^(/). Then there exist G 1)*^ (fi) , (x) = 1 on a 
neighborhood U of Xq, a conic neighborhood F of and numbers ai > 0,6i > 
0, /ci > 0,ci > 0,51 G ]0, 1] , such that Ve < ei,V^ G F, 

1-^(0/.) (01 < cie-^^exp {-M{hE''^ |0)) • 

Let ^ G V^^ iVt) and = 1 on supp0, then F {(pgefe) = ^ i^9e) * ^ (0A) • We 
have ^g G Q^'^^^i^l), then 3c2 > 0, 3a2 > 0,3^2 > 0,3^2 > 0,3^2 > 0,V^ G 

M",V£<£2, 

(23) \7{i,g,) (01 < C2e-'^exp [-M{he^- . 
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We have 

J A 

Jb 

where A and B are the same as in the proof of Proposition [T3 By the same 
reasoning we obtain the proof. □ 

A micolocahzation of Proposition [11] is expressed in the following result. 

Corollary 18. Let P (x, D) = aa (x) D°' be a generalized linear partial dif- 

\a\<m 

ferential operator with Q^''"^ coefficients, then 

wfX (p (x, d) /) c wfX if) yfeg (n) 

Remark 7. The reverse inclusion will give a generalized microlocal ultraregularity 
of linear partial differential operator with coefficients in Q^'^'-^ The first case 
of Q'^ -microlocal hypoellipticity has been studied in [Tn|. A general interesting 
problem of {M, A) -generalized microlocal elliptic ultraregularity is to prove the 
following inclusion 

WFX if) C WF^' (P (x, D) f) U ChariP),yf E G (n) , 

where P (x, D) is a generalized linear partial differential operator with Q'^^'-^ (fi) 
coefficients and Char{P) is the set of generalized characteristic points of P{x, D). 

6. Generalized Hormander's theorem 

We extend the generalized Hormander's result on the wave front set of the 
product, the proof follow the same steps as the proof of theorem 26 in [3J. Let 
f,gEG , we define 
(24) 

WFX if) + WFX (^7) = { (x, e + r/) : (x, G WF^ (/) , {x, ^) G WF^ {g) } , 
We recall the following fundamental lemma, see [H] for the proof. 

Lemma 19. Let closed cones in {0} , such that ^ J2i + > 

then 

^) El + = (El + E2) u El u E2 

a) For any open conic neighborhood T of Ei + E2 {0} , one can find 

open conic neighborhoods of Ti, r2 in W^\{0} of, respectively, E15E2 ' such 
that 

Fi + Fa C F 

The principal result of this section is the following theorem. 
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Theorem 20. Let f,gEG , such that Vx G fi, 

(25) (x, 0) ^ W^Ff (/) + WFX (g) , 
then 

(26) WFj^ (/(7) C {WF^' if) + WFX (g)) U WF^ (/) U W^Ff (g) 

Proof Let (xq, ^o) ^ (VTFj^ (/) + W^Ff (g)) U W^F^^ (/) U WF^ (g) , then 30 G 
D*^ (fi), (xo) = 1,^0^ {Ea + Ea i<P9)) U Ea W) U Ea i<P9) ■ From 
(|25|) we have ^ (0/) + Ea ^^9^ then by lemma [19] i), we have 

/ Af sr^M \ ^-^A/ ^-^Af ^-^Af ^-^A/ K^VjO} 

Co ^ (E^ (0/) + (0^))uE^ (^3) = ('^z) + J2a ^^^^ 

Let Fq be an open conic neig hborhood of Ea i^f) + Ea {H) in K"\ {0} such 
that ^0 ^ To then, from lemma ITQlii). there exist open cones Fi and F2 in M™\ {0} 
such that 

(0/) C Fi, (0^) C F2 and Fi + F2 C Fq 

Define F = M"^\ro, so 

(27) F n F2 = and (F - F2) n Fi = 
Let ^ G F and e G ]0, 1] 

J'm<P9e){0 = (-F(0/,)*^(0(7,))(O 

= / F{ct>fe){i-v)^{<p9e){v)dTi+ ! Tm){^-v)J'{<p9e)iv)dv 

From ([27D, 3ai >0,bi >0,ki > 0, Ci >0,6i G ]0, 1] , such that < £1, G F2, 

1^ We) {^-V)\< cie~'' exp -M (fci£»i \^\) 

we can show easily by the fact that (05'e) G (^) that Va2 > 0, VA;2 > 0, 3^2 > 
0, 3c2 > 0, , 3e2 G ]0, 1] , such that We < 62, 

\J^{<l)ge) {v)\ < C2e-^^expM{k2e''^ \v\) e M", 

Let 7 > sufficiently small such that |^ — r^l > 7 (|^| + \ri\) , V?7 G F2. Hence for 
e < min (61,62) , 

|/i (01 < 01026-''-'' exp (-M (fcie'^i \i - ri\) + M (^26"^ \ri\)^ dr] 
from proposition El 3H >0,3A> 0, Vti > 0, Vt2 > 0, 

(28) -M{ti+t2)<-M(%]-M(%]+\nA, 



H \H 
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then 

X J exp (^-M (^^£"'7 1^1^ + M {k2s''' ] drj 



X ^ exp l^-M - A;2£»^^ drj 



take A; = ^ and ;^£"i7 - k2e"'^ > 0, then 3b ^ b {bl + 62, Oi, 02, A;2, -ff) , 3c = 
C1C2 

\Ii{0\<cs-'exp(^-M{ks''' lei)) 

Let r > 0, 

/2 (0 = / (0/.) (e - r/) (05,) iv) dv+ f J" (e - ^) (05s) (r/) rfr/ 

^rin{H<r|^|} •^r§n{|r,|>r|^|} 

Choose r sufficiently small such that {|?7| < r |^|} ^ — 77 ^ Fi. Then |^ — 77] > 
(1 - r) 1^1 > (1 - 2r) 1^1 + I77I , consequently 3c > 0, 3ai, 02, &i, /ci, A;2 > 0, 3ei > 
such that Ve < £1, 



|/2i(0l < ce-"^ exp(-M(fci5''MC-^l)-^(^2^"M^I)) 

< c£-''exp (^-Mik'-^e"' |e|)) /" exp (^-M(A;i£"i I77I) - M (A;2£"^ I77I)) ^77 



< c'£-'''exp(^-M(A;;£«i lel)) 

1^1 ~l~ 1^1 

If \ri\ > r\C^ \ , we have jr^l > , and then 3c > 0, 3ai, bi, ki > 0, Va2, k2 > 

0, 362 > 0, 3£2 > such that \/e < £2 

1/21 (01 < c£-''i-'^^ exp(M(A;2£"Me-?7l)-M(A;i£«M?7|))(^?7 

< cs-^^-^^ j exp (^M(A;2£"^ l^-r^l) -M (^y£"i I77I + ^£"1 1^1^^ 

< c£-''-^^exp(^-M(^^£«Mei))^ exp(^M(fc2£'^Me-^l)-M(^A,£«Mr/|))rfr7 
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if we take k2, — sufficiently smalls, we obtain 3a, b,c > 0, 3e3 > 0, such that 

V£ < £3 _ 

Ihi (OI<c£-''exp(-M(^£''|^|)), 
which finishes the proof. □ 
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